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Abstract-The requirement that the leading edge of an incremental loading pulse superimposed
on a preloading that has reached a constant state will propagate at the elastic wave speed
imvoses some restrictions on the material functions describing a quasilinear rate-type material.
These restrictions are discussed, and it is shown that the incremental wave behavior implies
the existence of at least one relaxation boundary, and that a natural continuous transition
from the quasilinear equation to a semilinear equation occurs in the neighborhood of the
relaxation boundary.

How the knowledge of a relaxation boundary can be used in determining the material
functions is also discussed.

I. INTRODUCTION

A rate-type constitutive equation exhibiting both time-independent and time-dependent
plasticity has been shown by Cristescu[l] to give a better account of a group of finite
amplitude plastic wave propagation experiments than either a rate-independent constitutive
equation or the semilinear rate-type equation of Sokolovskii[2, 3] and Malvern[4-6].
The quasilinear equation does not in general predict the observed incremental plastic
wave speed in a bar preloaded either quasistatically[7, 8] or dynamically[9, IOJ in such a
way that the strain-time curve has reached a plateau or is increasing very slowly when the
incremental pulse is applied. The experiments show that the leading edge of the incremental
pulse propagates at the elastic bar-wave speed Co = (E(pO)l!2, as predicted by the semilinear
constitutive equation, and not at the plastic wave-speed of the rate-independent theory.

The incremental wave behavior can be incorporated into the rate-type equation by
introducing a coefficient function with discontinuous dependence on stress and strain, so
that the function is replaced by the constant elastic modulus E whenever: (1) stress is
decreasing, or (2) the stress-strain point is near a specified "relaxation boundary" in the
stress-strain plane. Cristescu[l] has used such a discontinuous coefficient function.

The purpose of the research reported here was to determine if the observed incremental
wave behavior could be predicted by a quasilinear rate-type constitutive equation with
continuous coefficient functions (constitutive assumption I, section 2), and, if so, to deter
mine the restrictions on the continuous coefficient functions, ¢(e, 0") and I/I(e, 0") of equation
(2), imposed by' the requirement that the leading edge of an incremental wave travel at the
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elastic wave speed when it comes after a plateau has been reached in the preloading strain
history (constitutive assumption 11, section 3).

As a consequence, a natural connection between the quasilinear model and the semi
linear model is obtained. The observed behavior implies the existence of a certain curve
(relaxation boundary) in the stress-strain plane, such that, in the neighborhood of this curve,
¢(e, a) = E and ljJ(e, a) = o. See theorem 3.1 in section 3. In section 4, examples will be
discussed based on expansion of the solution of equation (2) in power series and retention of
only a few terms.

2. PRE Ll MIN A R I E S

We consider one-dimensional motion of a rod or a motion which can be satisfactorily
described using a single position coordinate [X is the initial position (Lagrangian or material
coordinate) and x is the displaced position (Eulerian or spatial coordinate)], and a single
component a (force per initial unit area-positive in compression) and e( = 1 - (8x( X, t)!8 X»
of stress and strain tensors, respectively.

Constitutive assumption l'

One supposes that, for every fixed section X of the rod, there exists a ~hree-dimensional

bounded domain D 3 and two functions ¢', ljJ': D 3 -+ R so that

0- = ¢'(t, e, a)e + l/t'(t, e, a).

In what follows a more restrictive hypothesis will be used.

(1)

Constitutive assumption I

One supposes that, for every fixed section X of the rod, there exists a plane bounded
domain D and two functions ¢, l/t: D -+ R so that

0- = ¢(e, a)e + ljJ(e, a). (2)

In other words, the constitutive assumption I (or I') asserts that, in any fixed section
X of the rod, the increment Aa(t) is determined by increments Ae(t) and At and by the values
of the material functions ¢ and l/t of the state at the time t (if at time t, eCt) and aCt) are
known). The notation D -+ R represents a mapping by the functions ¢ and ljJ of the domain
D of the e, a-plane into the real numbers. D is assumed to be bounded and to contain the
origin e = 0, a = 0, since equation (2) can describe actual material behavior only for bounded
values of e and a.

Definition 2.1

A material satisfying constitutive assumption I (or I') is called a rate-type material of
the first order (see Truesdell and Noll [1 1]). If the material functions ¢ and ljJ do not depend
explicitly on the material particle (X coordinate), then the material is called homogeneous.
If ¢ = constant, then the material is called semilinear rate-type material (Sokolovskii[2, 3],
Malvern[4, 5]). If ¢ i= constant, then the material is a quasilinear rate-type material (Malvern
[6], Cristescu[I 2, 13], Lubliner[14]). For more detailed discussions and references, see for
example, Cristescu [15].

We present briefly some resultsfrom[16] that will be needed in our argument (see also [17]).
In[16] sufficient continuity and smoothness conditions on the functions ¢ and l/t are given



Quasilinear rate-type constitutive equations and incremental stress waves 23

to establish the following results. For continuously differentiable strain history e(t) it is
sufficient to establish the main result, theorem 3.1, that <p be continuously differentiable and
1/1 be continuous. We consider first the equation

a = <p(e, O")e. (2')

(3)

(5)

Let e(t) be a function with the following properties e E efta. T] and e(t) i= 0, e(to) = eo'
Let (eo, 0"0) E D be an arbitrary point. Then we may write (2') as

00"
oe = <p(e, 0")

Solutions of this equation will be useful for constructing solutions of equation (2) by
variation of parameters.

Equation (3) has a global unique solution

0" = fee, eo, 0"0) )
w_ = oL(eo, 0"0) < e <w+(eo, 0"0) = w+ (4)

(w±, lim fee, eo, 0"0») E aD
e-+«J ±

where aD denotes the boundary of D. The points

(e, fee, eo, 0"0» ED e E (w_, w+)

form a smooth curve through (eo, 0"0), while W_ and w+ denote the values of e at the
intersection of the curve with aD on the left and right, respectively.

Now, we keep eo fixed and put 0"0 = ret). We determine the function r so that the solutions
(4) of equation (3) satisfy equation (2). In fact, we apply here the Lagrange method of
parameter variation. We have

a = ofe + aft = <p(e, fee, eo, r»e + I/I(e, eo, r».
oe or

Therefore, using equation (3), we obtain the following equation for r,

of .
- (e, eo, r)r = tjJ(e, fee, eo, r»,or

From this equation ret) results as a functional of e(-) on the interval [to, t) c [to, T]
for to ~ t <wD(e('), 0"0) ~ T. Here WD is the largest t from [to, T] such that (e(t), O"(t» E D
for t E [to, WD), where O"(t) = f(e(t), eo, ret»~. (From the physical point of view WDis the last
t from [to, T] such that a material whose strain history is e(t) still responds according to
the rate-type constitutive equation.) The functionals rand W D are uniquely determined by
the history of the strain and the shape of domain D (see[16]).

We have, now, the following result: The general solution of equation (2) is of the form

0" = f(e, eo, r) (6)

where f is determined by equation (3) and r is determined by equation (5). We shall call r
the history parameter.

In[16] this result is given in a larger class of functions e = e(t), including possible shock
wave solutions. There are given also the conditions under which the map e --+ fee, eo, r) is
a continuous Frechet differentiable mapping.
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3. THE CONTINUOUS TRANSITION FROM THE QUASILINEAR
CONSTITUTIVE EQUATION TO THE SEMILINEAR EQUATION

Constitutive assumption II

aVe supposes that for any strain history let) of the form

~( ) {e*(t) t E [to, tde t =
e*(tl ) = e* = const. t E (tl> 11,

where e*(t) is an arbitrary nondecreasing continuous function, there exists a tz E (tl> 11
such that the leading edge of any incremental pulse superposed over let) at a time t 3 ~ tz
will propagate with the elastic bar-wave speed Co = [E/Po]I/Z.

Definition 3.1

We say that a rate-type material possesses a natural rest configuration if e(t) == 0 for any
t E (TI> T z) and a(TI) = 0 imply aCt) == 0 for t E (TI, Tz), for any TI < T z , TI, Tz E R.

Definition 3.2

A smooth arc curve a = gee) in the plane a - e will be called a relaxation curve or a
relaxation boundary (see Cristescu [1 ]) if along this curve ljJ(e, g(e» = o.

Theorem 3.1

If ljJ is continuous and ¢ is continuously differentiable, and (a) o¢/oa i= 0, and (b) con
stitutive assumption II holds; then there exists a unique relaxation boundary, and in its
neighborhood the propagation velocity is the elastic one.

Proof

For the sake of simplicity we suppose that a strain of the form let) from constitutive
assumption II was applied to a rate-type material which previously was in a natural rest
configuration and we choose to = 0 (i.e. e(O) = 0, a(O) = 0). Then, due to the smoothness
property of ret) (see[16]), the propagation velocity is given by

of
Poc/ = oe (e(t), ret»~ = ¢(e(t), f(e(t), ret))).

For e(t) = l(t), constitutive assumption II yields

z of
Po Co = oe (e* , r(t» = E,

On the other hand, using hypothesis (a) of the theorem, we get

(7)

(8)

(9)
o of 8 8¢ of
ar & (e, r) = ar ¢(e, fee, r» = oa ar i= o.

Since of/or> 0 (for proof, see[16]), it follows from (9) that (8) is invertible with respect
to r, and

ret) = r e• = const. t ~ tz . (10)

Therefore, we have the following result: for any strain history which reaches a plateau
e* at time t l > 0, there exists a unique r e• (reached at time tz-depending on strain history
up to time t l ). This means that we have found a map
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T = h(e). (11)

From now on we shall omit subscript asterisk when there is no possibility of confusion.
Introducing (11) in (6), we find

(J = f(e, h(e)) = g(e).

The fact that (12) is a relaxation boundary follows from (10) and (5), i.e.

of
ljJ(e, g(e)) = :;- (e, h(e))t = O.

CT

(12)

(13)

The theorem is proved.
Therefore, constitutive assumption II leads to the conclusion that stress (J and history

parameter T possess a plateau in time together with e. The theorem itself shows a continuous
passing from the quasilinear material to the semilinear one. Thus, the semilinear model
may be applied when we have a deformation process not too far from a relaxation boundary.

We have, also, the following relations for the functions 9 and h.

o¢
d(J dg a; (e, g(e))

de = de = - o¢
o(J (e, g(e))

o¢
dT dh "& (e, g(e))
- = - = - ----~---
de de o¢ Of

o(J (e, g(e)) or (e, h(e))

E
of .
or (e, h(e))

(14)

These relations show that if ¢ does not depend on e, then 9 = const. Since we have previously
assumed o¢/o(J i= 0, we assume that ¢ depends on both (J and e in order to prove the theorem
for a relaxation boundary (J = g(e) with nonconstant g. On the other hand, if the material
has in the neighborhood of the point (e = 0, (J = 0), linear elastic properties, Le. ¢ = E in
this neighborhood and yield point (ey, (Jy) is the point where ¢ starts to be different from E,
then this point appears as a singular point in theorem 3.1, and the material might have
more than one relaxation boundary.

From the relations (14), we can see that if

O~~~~E
then, since of/or> 0, it follows that

dh
-<0de - ,

Theorem 3.1 was established under the assumption that the strain history e(t) had reached
an absolute plateau before the incremental pulse was applied. However, if we suppose in
constitutive assumption II that e(t) is nearly a constant on the interval (t 1 , t2 ], then, because
of smoothness of all the functions, the conclusion of theorem 3.1 applies in an approximative
manner.
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(18)

(19)

4. APPLICA nONS

(a) Suppose that the function cjJ in equation (2) is "good enough" in order to develop
the solution (6) in a power series. We shall choose also eo = ao = O.

We take

a = fee, ,) = Ee + , + Ble
2 + B2e, + B3,2 + Cl e3 + c2 e2, + C3 e,2 + C4 ,3 + .... (15)

There, the coefficient of, is chosen to be I, which does not affect the generality.
(a I ) Consider now the first approximation

a =h(e, ,) = Be + ,. (16)
Then, by equation (7),

ah~: ,) = E =cjJ(e, a).

Therefore, the first approximation (equation (16») leads to a general semilinear rate-type
material (see Malvern[4, 5]).

The constitutive assumption II is satisfied automatically. Theorem 3.1 cannot be applied
because acjJ/oa = O.

Equation (5) for, becomes

t = t/J(e, Be + f).

This equation, for Eel) = e(t), t > tl will give a plateau for ,(t) (and for aCt»~ only if some
additional conditions are imposed on function t/J (see[17]).

(a2) Let us consider now the third approximation

a = fie, ,) = Ee + , + Ble
2 + B2e, + B3,2 + Cl e

3 + C2 e2f + C3 ,2e + C4 ,3. (17)

Applying to it condition (8), we get for t ~ t2

2Ble + B2, + 3Cl e2 + 2C2e, + C3,2 = O.

This yields two roots,1, 2

B2 +2C2 e I J
'1,2= - ± - [pee)] = h3(e).

2C3 2C3

From (17) and (18), we obtaint

I
a = f3(e, h3(e» = 93(e) = R(e) ± 2C

3
Q(e)J[p(e)]

where
(20)

(21)

t The nonuniqueness of the relaxation boundary described by (19) does not contradict theorem 3.1,
since the hypothesis orp/oa #- 0 of the theorem has not been imposed on this example.
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(22)[
3C1 C4 4C/C4 ] 2+ -C2 - -- + 2 e.

C3 C3

We now ask whether one of the two curves (19) can approximate the curve (J = pJe
for e E (e1, e2), since the constitutive equation

(23)

for aluminum has been proposed and justified experimentally by Bell[18). It is suggested,
by reloading experiments [10], that (23) would be relaxation boundary. Cristescu and
Bell[19] have shown, by numerical computation, that a slightly modified form of equation
(23), i.e.

(24)

used as a finite constitutive equation, gives results in good agreement with experimental
data on free flying impact of two bars.

First we put

The resulting relations for B i and C i are incompatible.
Therefore, Bell's parabola, used as an exact relaxation boundary and expansion (17)

disagree. We obtain the same negative result if we set

where a, eb' Pare constants.
Of course, we could choose the coefficients B i , Ci in (19) so that gie) would be approxi

mately equal to pJe on some interval, but it seems that it cannot be done on such a long
interval as (10-3, 7 x 10- 2

) for p = 5·6 X 104 (see Bell[20]).
(b) Suppose now, that, instead of a power series, we can developf(e, ,) in a series of the

following form including fractional powers.

(J = f(e, ,) = Ae1/2 +, + Ee + E1e
1/2, + E2,2 + C1e

3
/2 + C2 e, + C3 e1/2,2 + C4,3

+ D1e
2 + D2e3

/2 + D 3 e,2 + D4 e1/2,3 + D S ,4 +.... (25)

(b1) The first approximation

(26)

cannot satisfy condition (8).
(b2) Condition (8) applied to the second approximation

(27)

gives

af2 _ 1 A--1/2 + E + 1 E --1/2 - E- - - e - 1e ,-
ae 2 2
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This approximation leads to a general Malvern semilinear rate-type constitutive equation,
as in (al), if we take

(28)

(29)

where now, however, the expression r + E2 r 2 plays the role played by r in (a) (compare, for
example, equation (16) and (27». Let

(30)

(32)

(33)

(34)

Now it is rl that must be negative if Ij;(a, 6)::;; 0, because fl(t) = 1j;('1 + Be, 6)::;; 0 and
'1(0) = O. The change from e to 6

112 in the series induces the replacement for r given by
equation (30).

(b3) The third approximation is

a = f3(e, ,) Be + , + E2r 2 + Cl e
3/2 + C2er + C36112 ,2 + C4 r 3. (31)

Applying the same procedure as before, we find

Of3 = E + ~ C1e1/2 + C2 r +! C3e-112r2 == E
06 2 2

and

where

_[ () _ [-C2 ± (C/ - 3C1C3)112] 112
'-36- 6C3

= a±eI/2 , a± = [-C2 ± (C/ - 3CI C3)1 /2]/C3

a = 93(6) = a±6112 + (E + a±2E2)6 + (C1 + C2a± + C3 a±2 + C4 a±3)e3!2.

The relaxation boundary given by formulae (33) can approximate the curve a = /3J6,

for a large interval for 6, if we choose

a± = /3
E + E2 /3 2

~ 0

C1 + C2/3 + C3/32 + C4 /33 ~O.

Now, as a condition of the continuity of quasilinear model to the semilinear one, we shall
ask that

of(6, '('I)) I = 1.

0'1 tl=h(e)

This condition, for the third approximation, can be expressed, using (30), as

01' 0, Ice + 2C e1/2r + 3C ,2\E._ = 1 + 2 3 4 = 1
or or1 t= 13(') I + 2£2' t= '3(e)

(35)
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which leads to the equation

From (32) we get

29

(36)

(37)

(41)

(43)

(3D')

These equations must have at least a common root. But our purpose is not to discuss all
possibilities. We shall only consider the case when (36) and (37) have two common roots.
In order to accomplish this, the following relations have to be satisfied

C2 = 3JcCl, C3 3Jc2Cl, C4 = Jc3 Cl (38)

where A. and Ct remain as unknown constants.
Using (38) in (36) (or 37), and (33), we obtain

1 1/2't' = -;:e = 13(e) (39)

(J = (E + ;2 E2) e - ~el/2 = 93(e). (40)

Relaxation boundary (40) can approximate the parabola (J = f3e l/2 if we choose

1

13

and

E + f3 2 E2 ~o. (42)

With the choice in (41) and (42), E2 < 0 and 't' > 0; and (30) gives a one-to-one cor
respondence between 't' and 't'l

-1 + (l + 4E2 't't)t /2
't' = ---:....----=---""--

2E2

if't'l is negative. From (30), (39), (41), (42) it follows that f3Je - Be = 't't and 't't is negative
for e > (f3/E)2 = ey • Tl1e strain ey can be obtained as the intersection between the elastic
line (J = Be and the curve (J = f3e l/2 , denoted eyt in[19]. The numerical results obtained there
using this strain as strain at yield point, are not in very good agreement with experimental
data, but there cr = f3e l/2 was u~ed as a finite constitutive equation.

Therefore, the curves (J = f3.J e and (J = 93(e) from (40) could be identified only for e > eY'
In summary, for (b3):

(J = 93(&) = f3Je + O(e)

't' = 13(e) = f3J&

't'l = h3(e) = 't' - (E/f32
)'t'2 = f3J& - Ee

u = 13(8,0) = i3(e) = Be + Ct 8
3/2

u =/3(e, 't') = Ee + 't' - (E/f32)-.2 + (Ct /f33)(f3Je

The term O(e) in the equation of the relaxation boundary depends upon the approximation
taken in (42) and would be zero for E + 132E2 = O. Equation (43)4 gives the instantaneous
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response curve, while (43)5 gives the actual response curve for ret) determined by a non·
instantaneous a(t). The condition that r l be negative follows from the fact t/J is negative
while So = 0, (To = 0, and implies that, for any history ''/3(S, r) ~ i 3(a),

(b4) Consider now the fourth approximation

(T = 14(S, r) = £e + , + £2 r 2 + C1a
3/2 + C2 e, + C3a1/2r2 + C4r 3

+ Dla
2 + D2a3/2 , + D3ar2 + D4a1/2r3 + D S ,4, (44)

We find, for r = lia), the following equation

D4 r 3 + (C3 + 2D3a1/2 )r2 + (2C3el/2 + 3D2e)r + (3C1a + 4Dla
3/2) = O. (45)

Condition (35) leads to the equation

4D s r 3 + (3C4 + 3D4e1/2)r2 + (2C3el/2 + 2D3a)r + C2 e + D2e3/2 = 0, (46)

which must be satisfied on the relaxation boundary.
Equations (45) and (46) must have at least a common root. If we ask that these equations

possess the same roots, then we get 94(S) = 93(a) and '4(a) = 13(a), and if we make the
identifications (41) and (42), we obtain the modifications only in the expression for the
instantaneous curve and in the equation describing the whole process. These become

(T = 14(e, 0) i4(a) = Ee + Cle
3/2 + Dle

2

(T = lie, r) = Ee + r - ; r 2 + ~: (fJJe - r)3 +:: (fJJs - r)4. (47)

Generally speaking, the instantaneous curve 0" = I(e, 0) i(a) controls the leading edge
of the wave propagation in an undeformed material. In this way the fourth approximation
might give a better description of the instantaneous curve for the same relaxation boundary.

(c) The foregoing development was made for the special case that the initial state was
eo =0, 0"0 = O. We reconsider now the series expansion of part (a) of this section starting
from a stable point of nonzero (ao , 0"0), i.e. from a state that would maintain e = So = const·
ant and 0" (To constant until additional loading or unloading is applied. For a new loading
from this point,

(T =/(a, r, ao) = (To + £(a - ao) +, - '0 + BI(s - ao)2 + Bis - so)(r - TO)

+ B3(r - ro)2 + CI(a - ao)3 + C2(c - eo)2(r - To)

+ C3(s - ao)(r - ro)2 + C4(r - ro)3 + ..., (48)

Here the coefficients B;, Ci could be different from the coefficients Bi , Ci of (15).
We apply both conditions (8) and (35) to successive polynomial approximations/;(s, r).

The condition (35), in this case, can be written as

(49)

For

0" =/2Ca, r) = 0"0 + £(a - co) + r - ro + BI(e - ao)2 + B2(e - 60)(r - ro) + B 3(r - '0)2,

(50)
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we find the following relations

31

(51)
2B1(e - eo) + B2('r - '0) = °
B2(e - eo) + 2Bi' - '0) = °

imposed by conditions (8) and (49).
These conditions must hold for any I: close to eo (I: > eo), and therefore we have

B/ = 4B1B3 or B2 = UB1 , B3 = ).2B1 . (52)

Combining (51)1 with (50) and taking into account (52), we get the equation for the
relaxation boundary as

1
E1 = E --::.

I.
(53)

(55)

The instantaneous curve is obtained for, = '0' and it has the equation

a =/z(e, '0) = i2(e) = ao + E(e - eo) + B1(1: - eo)2. (54)

The corresponding approximation for the function cj> is obtained by using the relations

0/2& (e, ,) = cj>(e,fz(e, ,»
- [1 + B2(e - eo)] + J[[1 + B2(e - eoW - 4B3(iz(e) - a)], - '0 = ----"------=---..:::...---=-==----'----------=

2B3

and has the expression

cj>z(e, a) = E + (E - E1)(J[1 + 4B3 [0" - ao - E1(1: - eo)]] - 1)]. (56)

Therefore if E is known, in order to determine the second approximation of function cj>
we need to know two constants, the slope of the relaxation boundary E1 and a constant
B i (i = 1, 2, 3) related to the instantaneous response.

We have chosen the sign plus in (55)z based on the following two arguments: (1) when
over the state (eo, 0"0) is applied a jump in strain, the stress has to follow the instantaneous
curve (i.e. , has to be equal to '0), and (2) for e close enough to eo, 1 + B2(e - eo) > 0.

Now, if we suppose, as usual, that l/J(e, a) =:;; 0, then from (5) it follows that, < '0' and
from (51), (52) and (53), we obtain

A> 0, E > E1 (57)

and the coefficients B1 , B2, B3 have the same sign. If these coefficients are negative, then
some additional restrictions on the domains of functions h2(e) and cj>2(e, a) are implied.
If these coefficients are positive, such restrictions are not implied, but the instantaneous
curve is concave toward the a-axis, and the predicted actual speed of propagation would be
larger than or equal to bar velocity Co.

5. CONCLUSIONS AND REMARKS

The results of this paper are based on several hypotheses. Constitutive assumption II is
made because all experimental evidence indicates that the leading edge of an incremental
wave travels at the elastic bar wave speed. One form or another of constitutive assumption I
has been accepted in many fields of physics, at least locally.

The constitutive assumptions I and II and the further hypothesis that ocj>/oa # 0, were
sufficient conditions to obtain theorem 3.1, showing that (at least locally) there exists a
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unique relaxation boundary, i.e. there exists in the e, a-plane a curve a = gee) such that
4>(e, gee»~ = E and lj;(e, gee»~ = 0.

The hypothesis i34>/i3a # °is sufficient but not necessary for the existence of a unique
relaxation boundary. For example, the semilinear equation with 4> == E and lj; =
-k[a - gee)] has the unique relaxation boundary a gee). A weaker hypothesis, that
i34>/oa i= 0, is sufficient to ensure the existence of a relaxation boundary at least in the
regions where i34>/oa # 0.

A relaxation boundary may be introduced by the structure of the function lj;, as in the
semilinear example cited.

Constitutive assumption II dealt with an "absolute plateau" e = constant before the
incremental pulse. Because of the assumed smoothness of all the functions involved, the
same results can be expected to a high degree of approximation for an" asymptotic plateau,"
where the strain is still increasing slowly when the incremental pulse arrives. Similar com
ments apply to the expansions of section (c) in the neighborhood of a "stable point."

The hypothesis (35) goes beyond constitutive assumption II and gives the semilinear
constitutive equation a special status in the class of quasilinear constitutive equations as
the limiting form in the neighborhood of any relaxation boundary. This additional hypoth
esis led to the close connection between the relaxation boundary and the function 4>,
shown in section 4. These results are interesting and open up possibilities of determining 4>,
since the relaxation boundary can be determined experimentally. The physical basis for the
hypothesis remains to be determined.

The series expansions of section 4 depend on the point (E, 0') where lj;(e, a) starts to be
different from zero. For e < E, r = 0, and the whole process is described by the instantaneous
curve up to (E, 0'). Series expansions can be made in the neighborhood of any stable point
aCt) = ao = constant, e(t) = eo = constant on a relaxation boundary where lj;(eo , ao) = 0,
as in section (c). These series expansions show that knowledge of a relaxation boundary
actually gives us more information about 4> than about lj;. In fact, if we could determine all
the coefficients of such a series, then 4> could be completely determined by a procedure like
that of section (c).

The way in which the history parameter r reaches its relaxation boundary r = h(e) and
the time interval t 2 - t1 from constitutive assumption II are determined mainly by the
function lj;. The hypothesis that lj; is a linear function of" overstress" appears as a first
approximation. But, as can be seen from section 4, the history parameter has large variations
with e, and probably in most metals it has a very fast time variation (short" relaxation
time "). Thus a linear approximation may not be adequate. Even the hypothesis that lj;
is a function only of overstress may not be justified.

Similar results to those given in this paper can be obtained for the case where we suppose
the history parameter T is a functional of strain history (not necessarily obtained as a
solution of equations (2) and (5)) with some smoothness properties (see for example,
Coleman, Gurtin and Herrera[21 J). Also the results of section 3 do not depend on the fact
that Co is a constant bar velocity; Co could be a positive function depending on the level of
prestrain, but differing from the plastic wave speed calculated with a finite stress-strain law.
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AOCTpaKT - 06cYlK,l\aeTCli yCJTOBHe, KOr,l\a Be,l\Yll\HH KpaH nOCTeneHHO HapaCTalOll\erO
HMIJyJTbCa Harpy3KH, HaJTOlKeH Ha npe,l\BapHTeJTbHylO Harpy3Ky, KOTopali YlKe ,l\OCTHrnyJTa
HeH3MeHHoe nOJTOlKeHHC, pacnpocTpaHlieTcli co CKOpOCTblO ynpyroH BOJTHbI. 3TO yCJTOBHe
HaKJTa,lIbIBaeT HeKoTopble OrpaHH'IeHHlI $YHKl.\HH MaTepHana, OnHCbrBalOll\HX nOBe,l\eHHC
MaTepHana THiIa KBa311JTIIHeHHOH CKOpOCTII. lfccJTc,l\YIOTCli 3TII OrpaHII'IeHIIlI. OKa3bIBaerCll,
'ITO nOBe,l\eHHe nocTeneHHo HapaCTalOll\eH BOJTHbI 03Ha'laeT CYll\ecTBOBaHlle, no KpaHHoH Mepc,
O,l\HOH rpaHHl.\bl peJTlIKCal.\HII II, ,l\ance, 'ITO HaTYPHblll HenpepIIBHbIH nepexo,l\ 113 KBa3I1JTIIHCH
Horo ypaBHeHHlI K nOJTyJTHHeHHoMy npOIICXO,l\IIT B oKpeCTHoCTII rpaHIIl.\bI peJTlIKCal.\llH.

PaccMaTplfBacTclI, TaKlKe, cnoc06HoCTb nOJTb30BaHHlI 3HaKoMCTBOM rpaHIIl.\bl peJTlIKCal.\IIH,
B l.\eJTblO onpe,l\CJTCHHlI $YHKl.\IIH MaTeplfana.
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